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Simple Harmonic Analysis of Regenerators

G. W. Swift* and W. C. Wardt
Los Alamos National Laboratory, Los Alamos, New Mexico 87545

A simple harmonic analysis of the performance of regenerators is described. Computer calculations
based on the simple harmonic analysis run orders of magnitude faster than time-integration methods,
with acceptably small reductions in accuracy. This simple harmonic analysis method is based on previous
one-dimensional differential equations of heat and mass flow, with the additional assumption of steady-
state operation and with the key approximations that only the magnitudes and phases of the fundamental
components of time-dependent variables are of interest and that the instantaneous friction-factor and
heat transfer coefficients are determined from the instantaneous velocity via steady-flow correlations. This
permits a rapid computation scheme in which complex amplitudes of oscillatory variables are used,
without numerical time integrations. The method is presented here using the Kays and London corre-
lations for stacked-screen regenerators, but it can be used for any regenerator matrix for which steady
friction-factor and heat transfer correlations exist.

I. Introduction

T HE hydrodynamics and thermodynamics of oscillatory
flow through solid matrices are of great interest to re-

searchers studying Stirling machines because the highest effi-
ciencies are achieved only with the most carefully engineered
regenerators. This is especially true for Stirling cryocoolers,
for which even slight regenerator ineffectiveness can cause
significant decreases in net cooling power.

Although such oscillatory flow is theoretically well under-
stood in simple geometries such as arrays of circular tubes,
many Stirling regenerators comprise stacked screens and other
complex geometries, for which computational methods are still
evolving and fundamental data are sadly lacking. Organ1 points
out many of the shortcomings of the current state of the art.
However, given today's imperfect foundations, we may justi-
fiably make additional approximations if they improve com-
putational ease dramatically, while only slightly reducing ac-
curacy.

Regenerator computation methods may be grouped into
three classes: 1) time stepped, 2) globally implicit, and 3) per-
turbation. All of these methods use one-dimensional equations
of hydrodynamics and thermodynamics, with variables repre-
senting spatial averages over volumes large enough to smooth
over the details of each individual screen. Organ1 has reviewed
several examples of these methods.

In the time-stepped methods2 the regenerator is spatially dis-
cretized into a large number of segments and the governing
differential equations are converted to finite difference equa-
tions for the segments. With appropriate boundary conditions,
the finite difference equations are then processed for sequential
time steps much shorter than the thermodynamic cycle period
until a periodic steady state is reached, typically after many
thermodynamic cycle periods, and hence, exceedingly many
computation time steps. In contrast to the other two classes,
time-stepped methods provide transient as well as steady-state
results, but they unfortunately require the greatest computation
time.

The globally implicit class3 handles spatial dependence in
the same way as the time-step methods, but discretizes time
over a single period of the thermodynamic cycle only, impos-
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ing time-periodic boundary conditions on all variables. By thus
computing the periodic steady-state results directly, the glob-
ally implicit method requires less computation time than
steady-state methods.

Finally, the perturbation computation methods use the fact
that selected variables are small for all cases of interest. For
example, Bauwens'4 nearly isothermal analysis assumes that
the oscillatory components of temperature are small compared
to the mean temperatures. Further simplification can be
achieved by assuming that all oscillating variables are small
and have simple-harmonic time dependence. The work pre-
sented here is in this class. Important antecedents include a
linearized Stirling machine analysis as reviewed by Urieli and
Berchowitz5 (with no effort at detailed regenerator analysis),
the wave analysis of Organ6 (with the temperature profile along
the regenerator taken as given), the thermoacoustic approach
of Xiao,7'8 and the linear network analysis of Huang and Lu.9'10

In an important advance for harmonic methods, Xiao used the
constancy of a time-averaged energy flux along the regenerator
to self-consistently compute the regenerator temperature pro-
file; however, he did not use amplitude-dependent friction-fac-
tor and heat transfer coefficients. Huang and Lu gave closed-
form solutions for pressure and mass flux, in a very clear
network-analysis formalism using experimentally based am-
plitude-dependent friction-factor and heat transfer coefficients.
However, they did not discuss energy flux and, in particular,
they did not use constancy of time-averaged energy flux to
self-consistently compute the regenerator temperature profile;
instead, they simply assigned a single effective average tem-
perature to the entire regenerator when computing its dynamic
response. For the extreme temperature gradients often found
in modern cryocoolers, this approximation is inadequate.

Our new simple harmonic analysis method combines the
simplicity and computational speed of Xiao's method with the
use of amplitude-dependent friction factor and heat transfer
coefficient data. We follow most of the physical approxima-
tions of the time-step method of Gary et al.,2 including the
assumption that the friction factor and heat transfer coefficient
at each instant of time are determined by the instantaneous
velocity via measured steady-state correlations. However, our
method uses the additional key assumptions that all time-de-
pendent variables are simple harmonic and that the regenerator
is in steady state. We believe that this is the first complete,
correct use of amplitude-dependent friction factor and heat
transfer in a harmonic analysis.

With these assumptions, we compute with only the spatially-
dependent amplitudes and phases of time-dependent variables,
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so that computations can be extremely fast (orders of magni-
tude faster than time-stepped methods). We sacrifice accuracy
by imposing linear approximations on the nonlinear equations
of hydrodynamics and thermodynamics. For pressure oscilla-
tions of order 20% of mean pressure, and/or oscillatory veloc-
ities of order 20% of the sound speed, we can expect errors
of order 20% because of the harmonic approximation. A few
additional simplifying approximations are made whenever we
expect them to contribute errors no larger than this.

In this report, we base our computations on the stacked
screen friction factor and heat transfer data of Kays and Lon-
don,11 to facilitate comparison of our results to those of Gary
et al.,2 who also use the Kays and London correlations. Our
method, however, is fundamentally independent of the Kays
and London correlations. It allows the incorporation of any
steady-state friction-factor and heat transfer correlations, for
stacked screens or for any other complex regenerator geome-
try,12 into a harmonic analysis in a self-consistent manner that
uses the full amplitude-dependent information in the correla-
tions.

We now clearly establish the notation to be used. We will
consider a stacked screen regenerator of length L and cross-
sectional area A. The porosity </> is the ratio of gas volume to
total regenerator volume, so that (f)AL is the total volume of
gas in the regenerator. The hydraulic radius rh of the regen-
erator is the ratio of total gas volume to the gas-solid interface
surface area (commonly referred to as wetted area). (For cir-
cular pores, the hydraulic radius is half the circle radius.) Ex-
pressions for the hydraulic radius of stacked-screen regenera-
tors as a function of porosity and wire diameter are presented
by Organ.1

We will assume that an expansion to first order in the os-
cillatory amplitude suffices for any dynamic variable £, so that
it can be written

0 (1)

where r is the vector position, t is time, a) is the angular fre-
quency of the oscillation, and Re[ ] signifies the real part. The
mean value (subscript rri) of £ is a real number, but the small
amplitude of the time-oscillatory part (subscript 1) is a com-
plex number, reflecting time phasing of the oscillating quan-
tity. In keeping with the usual convention, we will often omit
Re[ ] when no confusion is likely to arise. For time-averaged
products of variables f (0*KO in expressions for average power
(where the overbar denotes the time average), we will use

(2)

where the tilde denotes complex conjugation.
Equation (1) is the key approximation for simple harmonic

methods. The steady-state assumption is equivalent to the fact
that fm(r) is independent of time. The only time dependence
is eitat, showing our neglect of all higher-order Fourier com-
ponents.

In some of the discussion to follow, it will be necessary to
distinguish carefully between the value of a variable at a point
in space and its spatially averaged value over a small region.
Figure 1 a shows a microscopic view of a portion of a stacked-
screen regenerator. At some typical point A in the regenerator,
the instantaneous velocity Vi is unlikely to be along the direc-
tion of acoustic oscillation (the x direction), and may be rel-
atively large or small depending on the distance of point A
from the nearest solid surface. For most of our discussion, we
will be interested only in the local spatial average velocity,
averaged over a region such as the dashed area shown in Fig.
Ib, where distances are large compared to the screen wire size,
but small enough that spatially averaged quantities do not vary
appreciably over the region. In the case of velocity, such an
average value will be in the x direction; we denote it as (HI).
Mean variables do not have microscopic spatial dependence,

a)

\\
\\

b)
dx

Fig. 1 Two views of stacked screen regenerator: a) microscopic
view, both plan and cross section, in which the values of variables
such as velocity vary wildly from point A to nearby points, and
b) the locally averaged view, in which local-average variables are
smoothly varying.

nor does the pressure amplitude, but for velocity, temperature,
and density amplitudes we will at first distinguish between
their microscopic values v l 9 7\, and pi and their local spatial
averages (MI), (Ti), and (pi). We adopt the convention that
these averages are taken over the volume of gas enclosed in
the dashed region of Fig. Ib. The dependences of these vari-
ables are summarized in Table 1. We will often omit explicitly
writing the dependences when there is no ambiguity, as with
(HI), which depends only on x according to Table 1.

We will regard pl9 (ui), and Tm as the dependent variables
of interest. Given their values at one end, we will derive a
procedure for numerically generating pi(x), (MI(JC)), and Tm(x)
throughout the regenerator, using equations of the form

- = Fi(Pi, <M l>, rm, #?, geometry)

d<ni>
dx = F2(pl9 <M!>, Tm H2, geometry)

dTm—— = F3(pi, <MI>, Tm9 2, geometry)

(3)

(4)

(5)

Equation (3) will be derived largely from friction factor data.
Equation (4) will be derived from the continuity equation, and
Eq. (5) from the equation for time-averaged energy flux H2
through the regenerator; both of the latter will use heat transfer
coefficient data. Equations of this form permit numerical in-
tegration beginning at one end of the regenerator at which
values of all variables are known.

We have imbedded this computation scheme in an iterative
algorithm13 so that mixed boundary conditions can be accom-
modated. Typically, Tm and (u{) might be known at both ends
of the regenerator; the algorithm then uses H2 and p{ at the
starting end of the regenerator as guessed initial conditions,
adjusting them until the targeted values of Tm and (ui) are
reached at the other end.

Because pl and (HI) are complex, Eqs. (3-5) actually rep-
resent five real first-order differential equations. A minor, fun-
damental shortcoming of the simple harmonic method and of
all previous methods arises from the fact that two data sets
(friction factor and heat transfer) are insufficient to generate
these five equations. We will see that the friction factor data
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Table 1 Summary of dependences of important variables

Variables

Velocity
Temperature
Pressure
Density

General,
microscopic

v(r, r)
T(r, f)
P(r, 0
p(/% 0

Harmonic,
microscopic

:£g + jjg£

Harmonic,
local spatial average

— >Same

provide a solid foundation for the dissipative component of the
dpjdx equation, and the heat transfer data provide a solid
foundation for the dTm/dx equation. Rough approximations
suffice for the inertial component of the dpjdx equation and
for the reversible component of the d(u^)/dx equation, because
they do not contribute directly to energy flux or mechanical
power. But accurate development of the irreversible part of the
d(Mi)/djt equation, which does contribute to mechanical power
dissipation, requires a new set of fundamental data. Like pre-
vious methods, the simple harmonic method will, for the pres-
ent, get by as well as possible without such data.

II. Derivation Details
A. Momentum Equation: dpl/dx

We begin with the simplest of the three gradients we must
compute, dpi/dx, which we obtain from the momentum (or
Navier-Stokes) equation. Following the method given by
Xiao7 and by Huang and Lu,9 but with a slightly different
notation, we write the one-dimensional momentum equation in
the harmonic approximation as

—L

dx (6)

where peff is the effective mean mass density that accounts for
the tortuosity of the flow path through the screens and <J> ac-
counts for the effects of viscosity. Terms such as ia)plul and
pmuidui/dx, present in the Navier-Stokes equation, are ne-
glected in Eq. (6) because they are second order in the small
oscillatory amplitudes.

The two terms on the right-hand side (RHS) of Eq. (6) are
the inertial and dissipative contributions to the pressure gra-
dient. We begin with the dissipative term. To obtain O we
realize that in screens and other complex Stirling regenerators
the gas displacement amplitude is much larger than rh and,
hence, the frequency with which the velocity of a given mi-
croscopic piece of gas varies in time1 is of the order of (u{)l
rh, which is much higher than a). Under these circumstances,
we can assume that the instantaneous pressure gradient is re-
lated to the instantaneous velocity in the same way that pres-
sure gradient is related to velocity in steady, unidirectional
flow. In other words, we can assume that the steady-state fric-
tion factor is directly applicable at each instant of time, inde-
pendent of the past history of the flow. This assumption, shared
by time-step analyses of regenerators,2 implies that

(7)

where / is the friction factor, usually tabulated as a function
of Reynolds number

Re = 4 \ (u) \ rhpljji (8)

and porosity.
To make further progress, we must pick a specific functional

form for f(Re). For screens, we chose to use the data plotted
in Fig. 7.9 of Kays and London.11 (Our principal motivation
for choosing these data is to facilitate comparison of our results
to the time-step method of Gary et al.,2 which uses the same

data.) In the figure, as Re —> 0, / <* I/Re, as must be the case
to ensure that dp/dx <* (u). It is therefore plausible to fit/with

(9)

Appendix A includes our particular choices for the functions
c„(</>) and comparisons of the resulting Eq. (9) to the data of
Kays and London.

In the simple harmonic approximation, our goal is to derive
an expression for the fundamental Fourier component of Eq.
(7). Using Eqs. (8) and (9) to write f(f) more explicitly, we
find that Eq. (7) becomes

MO——
c2(<t>)rll\(u(t))\p(t)~]

2/i(0 J
(10)

For our purposes, we can express JUL and p by first-order Taylor
series expansions:

^1 mt) - rm] + (-£
and similarly for p. We use these expansions in Eq. (10), sub-
stitute expressions of the form of Eq. (1) for (u(t)), p(t), and
7(0, multiply the entire equation by e~la>r/7T, and integrate the
resulting expression with respect to cot from 0 to 277.

On the left-hand side (LHS) of Eq. (10), this procedure pro-
duces simply dpjdx, the desired result. On the RHS, the first
of the two terms reduces easily to [/z^c^^ySr^Kw,). In the
second term, we neglect Tl and pi because their contributions
are third or fourth order in the small oscillatory amplitudes.
With this approximation, and putting Eq. (10) in the form of
Eq. (6), we obtain finally

dx
jJim d(^>)

~7rrr 377
^{K,

where

Re i =

) (12)

(13)

(Rel is a positive real number, not a complex number.)
This result depends, of course, on our specific choice of

Kays and London11 data for /(Re). However, the method, de-
riving the complex fundamental Fourier component of dp{/dx
from steady-state friction factor data, is general enough to use
for any f(Re), for screens or any other complex regenerator
geometry.

Equation (12) can be regarded as defining an effective fric-
tion factor/eff = <?!((/>)//?*?! + 8c2(</>)/377 as a function of peak
Reynolds number Re^ which gives the dependence of the am-
plitude of oscillatory pressure drop on the amplitude of oscil-
latory velocity through the screens. Tanaka et al.14 measured
4/eff — 115/Rei + 1.6 in four screen regenerators with poros-
ities 4> ranging from 0.645 to 0.754. Our values of cn($) given
in Appendix A yield 4/eff = 160//te, + 1.7 and 4/eff =* 165/Re,
+ 1.2 at </> = 0.645 and 0.754, respectively, in good agreement
with the experiments. Hence, this part of our results is essen-
tially identical to that of Huang and Lu,10 who use the data of
Tanaka et al. directly.
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The inertial term is much smaller than the dissipative term
in typical regenerators. It has no direct influence on effective-
ness, and so it is generally neglected in regenerator analyses;
for our purposes, a rough, inviscid approximation will suffice.
We know that pm is lower bound on peff, because the flow
passages in the regenerator cannot be less tortured than
straight, parallel-sided passages. A plausible upper bound on
peff can be obtained by considering a regenerator geometry
comprising alternating, equal-length open and constricted sec-
tions in series, with straight, parallel-sided passages in all sec-
tions, and with porosity 1 in the open sections and porosity
20 — 1 in the constricted sections. It is straightforward to
show for this case that peff = p,M</>2/(2</> — 1). We simply use
the average of the upper and lower bounds as our estimate of

Peff=P,n[l - 1)] (14)

For a typical value of (/> — 0.65, Eq. (14) differs from either
of the bounds on peff by 20%. For typical regenerators we have
considered the inertial term in Eq. (12) is at most 1% of the
dissipative term, and so this uncertainty in peff is quite accept-
able. However, for extremely high-frequency, extremely tor-
tured passages, or for porosity below 0.6, a more accurate
expression for peff would be needed.

Equation (12), with Eq. (14) for peff, is the first of the three
equations we seek; it is of the form of Eq. (3).

B. Oscillatory Temperature
To obtain an expression for the complex amplitude of the

oscillatory temperature in the gas, we will first derive a dif-
ferential equation for the velocity-weighted average gas tem-
perature, and then impose the harmonic condition on its so-
lution as we did for Eq. (10).

We begin by considering the heat transfer coefficient h, usu-
ally defined as the ratio of heat flux per unit wetted area to
temperature difference from one side of the wetted area to the
other, with the gas-side temperature a heat-capacity-flux-den-
sity weighted average11 rather than a simple spatial average.
Hence, we should write

heat flux
wetted area (pcpn)

where Ts is the solid's temperature. We will make the impor-
tant assumption that h depends only on the instantaneous value
of the Reynolds number, not on the past history of the flow,
for the same reasons that we made this assumption for/earlier.

Now consider the general equation of heat transfer

pcp
dT dp
— - Tp— + pcpv-VT - TpvVp = V-(KVT) (16)
dt dt

(where K is thermal conductivity), from the microscopic point
of view embodied in Fig. la. This equation holds exactly in
the microscopic view in the gas-filled space. Next, we perform
a local spatial average of Eq. (16) over the gas volume in a
portion of the regenerator of length d* and cross-sectional area
A. This integration does not include the volume occupied by
the screen wires; hence, the total volume over which the in-
tegration is performed is 4>A dx. On the RHS, we use Green's
theorem to express the volume integral of the divergence of
the heat flux density KVT as a surface integral over the gas-

solid wetted area S within the volume of integration. The result
is

+ (pcpvVT) - (Tfr-Vp)

(17)

Using the definition of h, we obtain finally

= dS KVT

ot

h(Re) UpcfuT)
rh \ (pcpu) Ts (18)

A similar, but simpler, derivation yields an analogous equation
for the solid temperature, which is assumed spatially uniform
on the microscopic length scale:

dTs h(Re) ((pcpuT)
</> dt (pcpu)

- Ts (19)

We can simplify Eqs. (18) and (19) if we anticipate our later
use of the form of Eq. (1) for all variables except h and neglect
terms of order higher than one now. The result is

(20)

T,} (21)
» dT\ _ h(Re) t(uT) _

Eliminating T, from Eqs. (20) and (21) yields

d i(uT) d(T)

?P
dt

dTm

dx
d_
dt

where

4>)psjncs,m

(22)

(23)

gives the ratio of gas heat capacity to solid heat capacity.
Typically, regenerators have ss « 1 and large h. Examina-

tion of Eq. (22) shows that d(T)ldt is then small (of order ss
or l//z), and so the second and third terms on the LHS are of
second order in the small quantities. In those two small terms,
we ignore the distinction between the local spatial average
temperature (T) and its velocity-weighted average

(T)u ^ (uT)/(u) (24)

We then rewrite Eq. (22) as

dt
Tmpm

1

a<n.1dt \

h(Re) dt

dt \_h(Re) dt

dTrn\ d

dx
(25)
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The plausibility of Eq. (25) is apparent in two simple limits.
First, if h —> °°, the solid and gas have the same temperature
(T)u at each instant of time. In this case, Eq. (25) reduces to

(26)

,——, dt

/ xdr-»PmCp.m(u) ————

showing how the temperature responds to the rate of heat gen-
eration per unit volume. The quantity in brackets on the LHS
is the total heat capacity per unit volume of regenerator. The
quantity in parentheses on the RHS is the rate of heat gener-
ation (from pressure changes and from gas flow) per unit vol-
ume of gas; multiplying by </> gives the rate of heat generation
per unit volume of regenerator.

Second, if instead ss = 0 (i.e., the solid's heat capacity is
large) and h is independent of Re, Eq. (25) can be integrated
with respect to time to yield

<n,-r, = ?(r.,A,%- ,Wa_. c *<nA
d;c w p'm df /

(27)

showing that the heat generated per unit volume of gas is
partly absorbed by the specific heat of the gas, with the balance
flowing across h with temperature difference (T)u — Ts.

To make further progress, we must pick a specific functional
form for h. As described in Appendix A, we write h for
stacked screens in the form

(28)

where cr is the Prandtl number of the gas, and use Fig. 7-8 of
Kays and London11 to obtain &(<W- (Our principal motivation
for choosing these data is to facilitate comparison to a time-
step method2 that uses the same data.)

To solve Eq. (25) for (T)u in the simple harmonic approxi-
mation, we use the form of Eq. (1) for each of (T)u, (M), and
p, with Eq. (28) for h and Eq. (8) for Re. We then multiply
the entire equation by e~ia*/7r and integrate from 0 to 277 with
respect to cot to select the complex fundamental Fourier com-
ponent of the equation. The details of this calculation, which
depend on our choice of Eq. (28) for h(Re), are outlined in
Appendix C. The result is

TmfBm ss + (gc ~\~ e ' pgv]
1 + e, + fee + e2WTgv)sh

 Pl

e, + (gc ~ gvK , .
ia> dx

where

= 2 r
77 Jor0 i • ,vCl

1/5COS3/5fe)

77/2

cos(2z) dz
•0 1 + ReT cos3/5(z)

Bh = 8i

82
K = 2Kmla>pmCp.

ep = phase({M,)) -

0T = phase((w1» - phase«r)M)1)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

Plots of gc and gv, which depend on our specific choice of Eq.
(28) for h(Re), are shown in Appendix B.

Examination of Eq. (29) shows it to be quite plausible. The
oscillations in temperature are caused by two sources: 1) pres-
sure and 2) velocity. Without the screens, the oscillating pres-
sure would cause an adiabatic oscillating temperature Tm^mpll
pmCp,m, and the oscillating velocity would cause an oscillating
temperature (dTm/dx)(ui)/ia) proportional to (and in phase
with) the oscillating displacement amplitude (u^/ia). With the
screens, if h —> o°, the temperature oscillations are reduced by
the factor

ss
(36)

to account for the ratio of gas heat capacity to total heat ca-
pacity. Finally, with h finite instead of infinite, (r)Hj is in-
creased by an amount depending on the degree of thermal
contact, roughly proportional to gcrl/82

K. At high Reynolds
number, this decreases with Reynolds number, reflecting the
improved thermal contact caused by vigorous flow; in the low
Reynolds number limit, the increase in (T)uj reduces to the
square of the ratio of the hydraulic radius to the thermal pen-
etration depth dK. Note that, for most regenerators, the factor
1 4- ss + (gc -h e2l6Tgv)eh in the denominators of Eq. (29) is
approximately 1, equivalent to our comments previous to Eq.
(24) regarding small terms in which the distinction between
(T)) and (T)ufl can be neglected.

We will discuss the interpretation of Eq. (29) in terms of an
effective cycle-averaged heat transfer coefficient for oscillatory
flow in Sec. II.D.

C. Energy Equation: dTm/dx
We obtain an equation for dTJdx from consideration of the

total energy flux along the regenerator, which must be inde-
pendent of x because the side boundaries of the regenerator
are well insulated. The energy flux density is pv(v2/2 + w) —
KVT — v - 2, where w is the enthalpy per unit mass. We will
neglect the term with the viscous stress tensor X and the v3

kinetic energy term because they are third order in the small
oscillatory quantities, so that the energy flux density reduces
to pvw — KVT. By averaging over time, taking the local spatial
integral over area A and length dx as shown in Fig. Ib, and
inserting expressions of the_form of Eq. (1), we find the total
time-averaged energy flux H2 to second order:

H2 - - (1 - 4>)A#eff (37)

Here, ATeff is an effective local average longitudinal thermal
conductivity that takes into account the sporadic nature of the
metal-to-metal contact between adjacent screens in the stack.
The contribution of the gas to the local average longitudinal
thermal conductivity is negligible in comparison to that of the
screens. Gary et al.2 suggest that ATeff — 0.3A^,W for typical
metal screens. Equation (37) does not contain a term (pv)wm
because the time-averaged, spatial-average mass flow (pv) is
zero. Using p dw = pcp dT + (1 — 7/3) dp, we can write Eq.
(37) as

H2 -

(38)
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Recalling the definition of (T),, from Eq. (24), we have

H2-.

(39)

This last step is subtle: the same kind of weighted average
is needed for T in our energy flux equation as is used in the
tabulated steady-state heat transfer coefficients for stacked
screens.15 The heat transfer tabulations of Kays and London11

are based on measurements that used velocity-weighted aver-
age temperatures upstream and downstream of the screen test
bed. This is extremely fortunate; otherwise, we would have
little hope that either our harmonic calculation or time-step
methods such as that of Gary et al.2 would account for energy
flux accurately, yet energy flux is one of the variables of
greatest interest in high-effectiveness regenerators such as are
used in Stirling cryocoolers.

Next, we substitute Eq. (29) for (r)Mtl into Eq. (39), and use
Eq. (2) for the time averages. Solving the resulting equation
for dr/?l/d;c, we obtain

dx

+ (40)

This is the second of the three equations we seek; it is of the
form of Eq. (5). Xiao7 presented an equation of the same form,
but it was greatly simplified because of his use of an ampli-
tude-independent heat transfer coefficient.

D. Continuity Equation: dW/dr
Finally, to obtain an expression for d(ui)/dx of the form of

Eq. (4), we use the continuity equation dp/dt + V-pv = 0.
Performing the local spatial average, using expressions of the
form of Eq. (1) for each variable, and keeping only first-order
terms yields

(41)

Oscillatory density (pi) may be expressed in terms of pi and
(Ti) using dp = — p/3 dT + (y/a2) dp, where y is the ratio of
isobaric to isochoric specific heats and a is the adiabatic sound
speed. Writing dpw/d;c = — pm/3 dTJdx and solving the result-
ing equation for d(ui)/dx yields

d;c Pl
m- <M l> (42)

This equation is easy to understand for the case (Ti) = 0: The
two remaining terms on the RHS are caused by oscillating
pressure and velocity. The pressure term is just the isothermal
compressibility ylpmc? times dp/dt. The velocity term expresses
continuity of mass flux pm(u\) m the presence of a temperature
gradient and attendant density gradient.

If Eq. (42) contained (T)u^ instead of (7^), we could simply
use Eq. (29) for (Ti)u and our set of equations of the form of
Eqs. (3-5) would be complete. Unfortunately, Eq. (42) con-

tains (Ti). We have been unable to derive an alternative version
of the continuity equation that uses (T)uA instead of (Ti), and
we have found no data analogous to Kays and London's heat
transfer data that can be used to predict (Ti). To our knowl-
edge, previous work on stacked screen regenerators has not
noted the distinction between these two temperature averages.
In this report, we will simply proceed with the approximation
that the two temperature averages are nearly equal, so that we
will use

dx
i<*>ym—— j-
pma2

m

dTm

~dx (43)

with Eq. (29) for (T)Uti as the last of the equations we seek,
of the form of Eq. (4). The largest terms on the RHS of Eq.
(43) are the second and third, which, respectively, represent
the isothermal compressibility and thermal expansion of the
gas as it moves along the temperature gradient. The first term
on the right accounts for other, smaller effects caused by finite
solid specific heat and imperfect thermal contact allowing os-
cillatory temperature.

Even though the largest terms on the RHS of Eq. (43) are
correct, the first term cannot be ignored because some of the
part of d(ui)/dx that comes from (T{) represents the mechanical
power absorbed by the regenerator. To understand this, we
consider the second-order work flow absorbed in length d;c of
the regenerator:

(44)

The first term on the RHS represents power dissipated by vis-
cosity, via the mechanisms accounted for in Eq. (12). The sec-
ond term comes from thermal relaxation mechanisms
accounted for in the first term of Eq. (43).

Equations similar in form to Eq. (43) were derived by Xiao7

using an amplitude-independent heat transfer coefficient and
by Huang and Lu10 using amplitude-dependent heat transfer
data of Tanaka et al.14 Comparison of our effective heat trans-
fer coefficient, embodied most clearly in Eq. (29), to the latter
work is difficult for a number of reasons. First, our results
show that the effective heat transfer coefficient depends on the
magnitude of pl and on its phase, via the factor e2l0p in Eq.
(29); this effect has been ignored previously. Tanaka's results
are based on measurements with a regenerator spanning a non-
negligible temperature difference, over which thermophysical
properties of the helium gas vary significantly, and in which
ordinary axial conduction [our KQK term in Eq. (39)] is signif-
icant. We believe the most appropriate way to compare our
results to those of Tanaka is to set p± = 0 in Eqs. (29) and
(39). With that approximation our effective Nusselt numbers
are at most 20% higher than the experimental results of Tan-
aka's Fig. 9, always falling between his experimental results
and his curve labeled London. We regard this as an acceptable
agreement under the circumstances. Note that the complexity
of Eqs. (29) and (39) suggests the difficulty of accurately sep-
arating multiple heat transfer effects from measurements of
energy flow through regenerators in oscillating flow with sig-
nificant temperature gradients; in particular, measurements of
regenerator effectiveness made with negligible oscillating pres-
sure may not be directly applicable to realistic Stirling oper-
ating conditions.

III. Comparison to Other Results
We incorporated this computation procedure into a pro-

gram13 already in use for thermodynamic calculations in os-
cillatory flow. The program includes an iterative algorithm and
convenient I/O procedures for handling mixed boundary con-
ditions. (It also includes modules for heat exchangers, ducts,
pistons, etc., so that full Stirling systems can be modeled in
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Table 2 Data for numerical computations

Frequency, Hz
Variables 55 350
Input

Area
Length
Porosity
Hydraulic radius
Hot temperature
Cold temperature
Mean pressure
Hot volumetric velocity
Cold volumetric velocity

Results
Energy flux (harmonic)
Energy flux (REGEN3)
Gross cooling power (harmonic)
Gross cooling power (REGEN3)

1.17 cm2

5.0 cm
0.686

13.9 /mi
300 K
80 K

2.0 MPa
3.65 X 10"4 m3/s, 0 deg

10.4 cm2

5.5 cm
0.673

18.3 /im
300 K
110 K

3.1 MPa
5.13 X 10"3 m3/s, 0 deg

0.62 X 10~4 m3/s, -52 deg 1.50 X 10~3 m3/s, -92 deg

2.1 W
2.0 W
5.4 W
6.6 W

50 W
46 W
36 W
55 W

300

200-

100-
This method
REGEN3 (1600 cycles)

-REGEN3 (16000 cycles)
- - - -REGEN3 (160000 cycles)

(cm)

Fig. 2 Temperature profiles of 55- and 350-Hz regenerators,
computed with the present method and with REGEN3.

3.5

3.0

D
Q_

= 2.5

2.0

1.5

350 Hz

Hot

• This method
-REGEN3

55 Hz

-2 0
Piston volumetric position (cm )

Fig. 3 Indicator diagrams at hot and cold ends of 55- and 350-
Hz regenerators, computed with the present method and with RE-
GENS.

the harmonic approximation.) We tested our computation pro-
cedure by comparing the program's results with those of a
time-step method that uses instantaneous friction factor and
heat transfer: REGEN3 by Ref. 2. We checked results for a
number of simplified cases, each designed to accentuate the
effects of one physical process or part of the equations, such
as verifying the implementation of the continuity equation
without significant effects of viscous dissipation by computing
for a short regenerator with oscillatory pressure but negligible
oscillatory flow. We also compared results for a few realistic
regenerators; two representative cases, at 55 and 350 Hz, are
displayed here. Table 2 summarizes the geometry and other
parameters for these two cases. (Volumetric velocity = (^A^).)
The 55-Hz case is a rather typical cryogenic regenerator, with
&Jrh ~ 5 at the cold end and 17 at the hot end, and with the
viscous pressure drop about 20% of the oscillatory pressure.
The 350-Hz case is atypical, with 8Jrh only 1.7 at the cold
end and 4 at the hot end, and with the viscous pressure drop
amounting to 40% of the oscillatory pressure.

Computation of an accurate temperature profile is one of the
most time-consuming aspects of time-step computation meth-
ods such as REGEN3, because the computation must proceed
for as many thermodynamic cycles as are actually required for
experimental hardware to reach thermal equilibrium. (RE-
GENS speeds this process up significantly by allowing the user
to declare a suitable guess for the midpoint temperature as well
as the two end temperatures.) Figure 2 shows the temperature
profiles computed for the two cases, using our harmonic
method and REGEN3. The agreement is excellent. The results
show that REGEN3's temperature profile may not be perfectly
converged to steady state even after 160,000 thermodynamic
cycles, particularly at the hot end of the regenerator where
solid heat capacity, and, hence, equilibration time, are largest.
(On a personal computer for which our harmonic computation
required <1 s, the 160,000-cycle REGEN3 computation re-
quired 4 days.)

Figure 3 shows what are essentially pV indicator diagrams
(or Lissajous figures) for the two cases. The vertical axis is
pressure; the horizontal axis is the time integral of the volu-
metric velocity at the ends of the regenerator, essentially the
volumetric position V of imaginary isothermal pistons located
there. The volumetric velocities are given boundary conditions
in these computations (see Table 2); the pressures as functions
of time are computed results. Both the magnitude and phase
of p calculated with our simple harmonic method are in good
agreement with the REGEN3 results.

The area of each large (hot end) indicator diagram equals
the power that must be supplied to the refrigerator. The two
calculation methods give the same values of pV power within
20%. The harmonic approximation ensures that the pV curves
are ellipses, whereas they are closed curves of more arbitrary
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238

236

235
Time

Fig. 4 Spatial average gas temperature as a function of time in
the center of the 350-Hz regenerator, calculated with REGEN3.
Two full cycles of the 350-Hz oscillation are shown.

shape in the REGEN3 analysis. In the general case with V and
p both written as Fourier series

V = P = (45)

and to let Ci and c2 be quadratic functions of porosity that fit
Kays and London data well at Re = 8 and 40. This leads to

Ci(</>) = 1268 - 35450 + 254402 (Al)

c2((f>) = -2.82 + 10.70 - 8.602 (A2)

The values of/obtained from Eqs. (9), (Al), and (A2) are
shown as dashed lines in Fig. Al. The agreement with the
Kays and London curves, at the 13% level below R = 1000,
is adequate for this work.

The solid curves in the lower half of Fig. Al are taken from
Kays and London's Fig. 7-8, and show heat transfer coefficient
as a function of Reynolds number. The curves are nearly
straight lines with slope —2/5 on this log-log plot, implying
h ~ Re315. But this dependence would imply that h —> 0 as Re
—> 0, whereas we know that h must approach something of
the order of Klrh at low Reynolds numbers. To accommodate
a plausible low Reynolds number limit in a mathematically
simple way, while keeping the 3/5 power law at high Reynolds
numbers, we choose to write

Re315) (A3)

the mechanical power is pV = \ E,, R.e[ina>pnVn]. There are no
cross terms. Hence, in comparison with REGEN3 results,
where Vn = 0 for n ^ 1 at the ends of the regenerator, the
harmonic method's neglect of pn for n > 2 has no effect on
work.

Returning to Table 2, we find that the energy fluxes through
the regenerator calculated by the two methods agree to 10%.
This good agreement might at first seem remarkable, given the
fact that REGEN3 calculations of oscillatory temperature (see
Fig. 4) show that the actual temperature is far from sinusoidal.
However, an argument similar to that previously for pV work
shows that harmonics have little effect on the time-averaged
energy flux. The hydrodynamic part of the energy flux density
is given by pcpTu for an ideal gas. Assuming constant_cp as
appropriate for an ideal gas, with the realization that pu = 0
because there is no time-averaged mass flux through the re-
generator, and expanding T and u in Fourier series as we did
earlier for p and V yields \cp 2n Re[(pu)nf]. Again, there are
no cross terms. In general, if harmonic content of both T and
u is of order e, the harmonic contribution to energy flux is of
order e2, so the harmonic method can be expected to give
acceptably accurate energy results even for substantial har-
monic content. In the case of REGEN3, un = 0 for n * 1 at
the ends, so we expect that un would be small for n ^ 1
throughout the regenerator. Hence, the hydrodynamic part of
the energy flux is very well approximated by only the funda-
mental components of T and u.

Finally, returning to Table 2, we examine the results for
gross cooling power, the difference between pV power ex-
tracted by the cold piston and energy flux through the regen-
erator. This is the quantity of greatest interest; it is also the
most difficult to compute, as it is the difference between two
numbers of similar magnitude, each of which is the time-av-
eraged product of oscillatory quantities. The gross cooling
powers agree to 20% for the conventional regenerator and 40%
for the 350-Hz regenerator. The greater disagreement in the
latter case may be because of our use of REGEN3 in a regime
of large viscous pressure drop, for which it was never intended.

Appendix A: Fits to Kays and London Plots
In this appendix we present our simple fits to the friction

factor and heat transfer coefficient plots in Kays and London.11

The solid curves in the upper half of Fig. Al are taken from
Kays and London's Fig. 7-9, showing friction factor vs Reyn-
olds number for three values of porosity. To generate a fit of
the form of Eq. (9), we choose to set c,,(<W = 0 for n > 3,

The details of this low-Reynolds cutoff are unimportant for
energy flux and the resulting expression for dTm/dx, because
significant enthalpy is carried only at high velocities and,
hence, at high Reynolds numbers. However, thermal relaxation
dissipates power, which we calculate via the continuity equa-
tion and the resulting Eq. (43) for d{wi)/d;c. Some of that ther-
mal relaxation occurs at and near zero velocity, especially to
the extent that pi is in phase with (ui), as it is in Stirling
machines. A better low-Reynolds version of Eq. (A3), based
on laboratory measurements of h at very low Reynolds num-
bers, would probably improve the accuracy of d(ui)/dx and
work computations in stacked-screen regenerators, both in the
simple harmonic method and in other methods.

As with the friction factor data, we choose to write b as a
quadratic function of </>, fitting the Kays and London plots well
at Re = 20. The result is

= 3.81 - 11.29</> + 9.47 </>2 (A4)

The dashed lines in the lower half of Fig. Al are plots of Eq.
(A3) using Eq. (A4). The agreement with the Kays and Lon-
don curves, <10% for 10 < Re < 103, is adequate for this work.

Appendix B: Calculation of gc and gv
It would be very slow to re-evaluate gc(Re{) and gv(Re^)

using Eqs. (30) and (31) each time they are needed during full
numerical integration of a regenerator, so we have developed
simpler approximations for these functions that can be com-
puted rapidly.

At low Reynolds numbers, the integrands in Eqs. (30) and
(31) can be expanded as power series in the small quantity
Rel/5 cos3/5z, and the integrations performed term by term. This
yields

1X0.8)
\/7rr(1.3)J

T(l.l)

rq.4)
Re*

ReT

=* 1 - 0.73188/tef

+ 0.59993/tef - 0.52048/tef (Bl)

where F is the ordinary gamma function, and similarly

gv,low - 0.16890/tef - 0.22604/tef + 0.24654/?^f
- 0.25319Re\2'5 + 0.25465/te3 (B2)
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Fig. Al Friction factor and heat transfer coefficient vs Reynolds number from Ref. 11, and our simple fits to them.

Numerical integrations of Eqs. (30) and (31) were used to
confirm these low Reynolds number expressions and to com-
pute values for higher Reynolds numbers. With simple func-
tional fits we finally arrived at the following expressions:

&c = Jc,hi8c,hi ' /c,low&c,low

where

/c,hi =

(B3)

(B4)

Appendix C: Details of (r)wtl Derivation
In this appendix we outline the steps required to derive Eq.

(29) from Eq. (25) in the main text. We must multiply Eq. (25)
by e~taa/7T and integrate from 0 to 2ir with respect to a>t to
select the fundamental, complex Fourier component. There are
four terms (two on the LHS and two on the RHS).

The first term is

(1 + es) f

*• Jo

d(T)u

dt
(Cl)

and gCi,ow is given by Eq. (Bl); and

gv =/v,higv,hi + (1 -/v,low - /v,hi)£v,mid + /v,lowgv,low (B5)

where

/v>hi = 1/(1 + 715/ter2), Aiow = 1/d + lOOtf^)
(B6)

Substituting an expression of the form of Eq. (1) for (T)u, the
integration easily and immediately yields

Ml -f e,)(T)Utl

The second term is

Pr

gv,hi = 0.405^ T053

= 0.0679 - 0.00685[€n(^1) - 0.884]2

>£P^JL f V'- -[——
77 Jo dt lh(Ri

d(T)u~\

(C2)

(C3)

and gvlow is given by Eq. (B2). Figure Bl shows our numerical
integrations of Eqs. (30) and (31) and our simpler expressions
given in Eqs. (B1-B6).

Jh(Re) dt J

Integrating by parts to eliminate one time derivative, we obtain

d(T)u
C2

iQ>pmcp,mrh

K Jo h(Re) dt
d(a>t) (C4)
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0.00 0.01 1000

Fig. Bl Functions gc and gv vs Reynolds number. The points are
the results of numerical integrations of the equations in the main
text. The solid curves were evaluated using the simpler expres-
sions in Appendix B.

We next substitute Eq. (28) for h and use expressions of the
form of Eq. (1) for (T}u and (u). With aT and au defined by
(r)M,i = \(T)u^\eiaT and <«i) = \(ui)\eta", we can express Eq.
(C4J as

f2
&>£/,

TT Jo

aT)
1 + |cos(;y + a*)!3 dy

where

efl = 8irjt/b(<t>)crl/382
K

(C5)

(C6)

Let z = y + ««• The integrand has period TT, so we can begin
the integration at any angle, end at that angle + TT, and double
the result. We choose the integration limits so that we can
eliminate the absolute value in the denominator:

2o,E),{r)a, - flr) (C7)

where 0r = au — ar is the phase angle by which temperature
lags velocity. The denominator is an even function of z. Be-
cause the integration limits are even, any pieces of the nu-
merator that are odd in z contribute nothing. Using standard
trigonometric identities in the numerator, we obtain

Jo

eier(sin2z cos 6T — i cos2z sin
cos

which can be rewritten

where gc and gv are given by Eqs. (30) and (31).
The third term is

5=
TT Jo 3f

dTm

~dx
(u) t d((ot)

(C8)

(C9)

Substituting expressions of the form of Eq. (1) for p and (u)
and performing the integration easily yields

Tm/3m dTmss I ——— icopl - ——
\pmcp,m dx

(CIO)

The fourth term is

dTm

(Cll)

As we did earlier with the second term, we integrate by parts

e~iy dyBh f
TT J0 Pmcp,m

X ap) - —^ |{w1 (C12)

and choose the limits of integration to eliminate the absolute
value:

/•-

?fi f
IT J-_/2 x + Re™ cos3/5z

X sin(z - 0P) - —^ (u^e'* cos z (C13)

where 9P = au — otp. The part of the integrand involving p{ is
similar to the second term [Eq. (C8)]. The part of the integrand
involving (ui) is easy. The result is

(gc - (gc - gv)(Ul) \ (C14)

where 6P = au — ap is the phase angle by which pressure lags
velocity.

Combining Eqs. (C2), (C8), (CIO), and (C14), we obtain
Eq. (29).

Appendix D: Computation Details
In this appendix, we gather for convenience the final results

from the previous sections, and summarize the method of com-
putation.

We begin at one end of the regenerator, with H2 given and
with given initial values of (real) Tm9 (complex) pl9 and (com-
plex) (wi). We then generate Tm(x), p\(x), and (u{(x)) by nu-
merical integration along x using

dx

c2(4>)Rel~\—_—— ^u
37T J

(Dl)

i<oym dTm= ~——~Pi + An —— (MI)pma~m dx

+ 16
Tmpm ss

8, c -f-
(D2)
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- RC~

- Tm

e"(8c

Pnfp,

X Im

using

d(0) = 1268 - 35450 H- 254402

c2(</>) = -2.82 + 10.70 - 8.602

b(<l>) = 3.81 - 11.290 + 9.47 02

/(I - 0K,,A,W, eh = 8/r,X0)cr1/3S2

62 = 2KJa)pmcp>m

dp = phase((wi)) — phase^)

6T = phase^Wi)) — phase^r}^)

2 r'2 dz

cos(2z) dz

(D3)

(D4)

(D5)

(D6)

(D7)

(D8)

(D9)

(DIG)

y cos3/5fe)

This procedure generates (among other things) the values of
Tm, pi, and {wt) at the final end of the regenerator. If all of the
initial values are not known, but instead some boundary con-
ditions are specified at the final end, a shooting method is used
to adjust the unknown initial values until the known final val-
ues are reached.
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